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The laminar flow of a Newtonian fluid is considered through a prototype radial en-
trance geometry that consists of a circular pipe joined to the bottom plate of a pair of
parallel circular plates, a configuration that mimics and idealizes important practical
flows. The equations of motion are sol®ed numerically to compute the ®elocity field as a
function of the Reynolds number Re and the geometrical aspect ratio e. This work
extends limited pre®ious results on flow de®elopment in this entrance geometry. A range
of e and Re are considered, and the Re ] e parameter space corresponding to flow sepa-
ration is delineated. The computed results are used to illustrate the role of the aspect
ratio in influencing flow de®elopment for small eQ1 and are analyzed to quantify the
large e asymptotic beha®ior of ®arious quantities characterizing the de®eloping flow field.
The limiting ®alue of aspect ratio beyond which the asymptotic beha®ior applies is rela-
ti®ely small eR 2. The dependence of these quantities on Re also is analyzed. The
results are discussed in light of a®ailable experimental measurements and existing analyt-
ical results. An important implication of the results in the context of confined laminar
impinging jet heat transfer is described. The entrance configuration is contrasted with a

( )companion radial entrance flow radial source flow ; although flow separation occurs
in both cases, some basic features are quite distinct. The influence of the elongational
character of this radial flow field is highlighted by comparing certain aspects of flow
de®elopment between this axisymmetric configuration and its 2-D Cartesian analog.

Introduction

This work investigates flow development in a prototype ra-
dial entrance flow. The geometry is depicted in Figure 1 and
consists of a circular pipe of radius R connected to the bot-
tom plate of a pair of parallel circular plates that are a dis-
tance L apart, with es LrR being the geometrical aspect
ratio. The region between the plates forms the channel for
the radial outward flow of the fluid. Fluid enters the circular
pipe axially at zsy`, encounters the entrance region at z
s0, and subsequently exits the flow field radially at r s`.
Fully developed velocity profiles are imposed at the entrance
and exit planes. The flow in this geometry is governed by two
dimensionless parameters, the aspect ratio e just defined and
the Reynolds number Res2 RUrrm, where the physical pa-
rameters all have their usual meaning and U is the average
axial velocity in the pipe.

This flow field mimics and idealizes flow configurations of
Žinterest in semiconductor processing Hollahan and Rosler,

. Ž1978; Reinberg, 1979 and polymer processing Middleman,
. Ž .1977 , in biological studies Goetz et al., 1994 , in the inves-

Žtigation of membrane transport processes Camera-Roda et
.al., 1994 , and in heat transfer with confined impinging jets

Ž .Behnia et al., 1999 . At the inlet plane zsy` the fluid is in
simple shear flow and satisfies the classic parabolic velocity
profile for steady flow in a pipe. On the other hand, at the
exit plane r s` the deformation field is the sum of a simple
shear flow due to the circular plate surfaces, and an elonga-
tion flow due to the varying cross-sectional area, with the

Ž y2 .elongation component ; r decaying faster than the shear
Ž y1.component ; r . When inertia is neglected, as is reason-

able at large radial distances, the well-known creeping-flow
radial velocity profile emerges with a parabolic variation in z
and an ry1 dependence on the radial coordinate. In the en-
trance region surrounding zs0 the flow field adjusts be-
tween these limiting distributions.

Some limited analysis of this complete flow field has been
Žpresented previously using both a numerical Chatterjee and

. Ž .White, 1989 , and an analytical Chatterjee, 1993 approach
valid in the slow-flow limit. Substantial upstream flow devel-
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Figure 1. Axisymmetric radial entrance flow geometry
and its basic flow features.

opment occurs at low Reynolds numbers, and for Res0,
es1r4, this leads to an entirely nonparabolic axial velocity
profile at the plane zs0, which shows a well-defined off-

Ž .centered maximum at r s;0.85R along with a minimum
at r s0. This concavity in the axial velocity profile at the
entrance plane zs0 obviously has nothing to do with fluid

Žinertia. Unlike the situation in other entrance flows for in-
.stance, the sudden contraction geometry , it is entirely a con-

sequence of axial-vorticity diffusion. The principal feature at
nonzero Reynolds numbers in this flow field is the presence
of flow separation near the sharp corner r s R, zs0. The
consequent primary vortex, which is clockwise in the sketch
in Figure 1 because the main flow driving the vortex traverses

Ž . Ž .from left r s0 to right r s` , grows as a function of the
aspect ratio and the Reynolds number.

Limited results of the previous analyses indicate that for
Ž .the values of parameters Re and e considered, attainment

of the fully developed radial velocity distribution is com-
pleted typically within a few pipe radii from the sharp corner
r s R, zs0 in the creeping-flow limit, but occurs over longer
distances at nonzero Reynolds numbers. Thus, the calculated

Ž .dimensionless radial entrance length scaled with R is larger
at nonzero Reynolds number due to the growth of the clock-
wise vortex. In qualitative agreement with experimental data
Ž .Jackson and Symmons, 1965 , a calculation of the midplane
Ž .zs Lr2 radial pressure profile at Res200, es1 reveals its
significant departure from the fully developed logarithmic
profile, thus prompting the observation that notwithstanding

Žtheir success at very small aspect ratios Moller, 1963; Chen,
. Ž1966 , perturbations about the inertia free limit Hunt and

.Torbe, 1962; Jackson and Symmons, 1965 cannot adequately
describe the nonzero Reynolds number flow features in this
geometry at moderate to large aspect ratios. As has been

Ž .mentioned earlier Chatterjee and White, 1989 , the success
at small aspect ratios is a consequence of the dominance of
axial vorticity diffusion at low e, which tends to restore the
effects of viscous dissipation throughout the flow. Further-

Ž .more, as emphasized in Raal 1978 these perturbation solu-
tions do not apply in the region where the flow is shaped by
the entrance conditions.

The principal objective here is to obtain a more complete
account of the structure of the developing flow field with a
view toward quantifying the dependence of various quantities
Žentrance length, vortex size and strength, excess pressure

.loss on the aspect ratio and the Reynolds number. The ear-
lier numerical article provided only a limited set of results for
this entrance flow field and discussed the basic flow features
in a qualitative manner without examining the flow structure
systematically and quantitatively, as the aspect ratio and the
Reynolds number are varied over a broad range of values. As
the aspect ratio is increased to large values, the flow in the
pipe assumes an invariant form and the pipe radius R is rele-
vant only insofar as to specify the incoming velocity distribu-
tion at the plane zs0. A scaling with L of the governing
equations then suggests that at a fixed Reynolds number de-
rived quantities such as the entrance length and the vortex

Ž .size must be O 1 at leading order, or equivalently behave as
Ž .O e when they are nondimensionalized with R. Our numeri-

cal computations indicate that a simple linear scaling with e
can describe this asymptotic behavior that applies at aspect
ratios eR2. The properties of the primary clockwise vortex
that dominates the developing flow field at high aspect ratios
and nonzero Reynolds numbers undoubtably are of some in-
trinsic interest, but they are also relevant in practical situa-
tions involving the transport and reaction of species wherein
the size and strength of the vortex may be an important vari-
able in correlating mass transfer and reaction rates. We tabu-
late extensive results for these properties and discuss their
behavior as a function of the aspect ratio and the Reynolds
number. Detailed results are also presented for the excess
pressure loss in this radial entrance geometry, and it is ob-
served that at a given nonzero Reynolds number the excess
pressure loss is not a monotonic function of the aspect ratio
due to the occurrence of flow separation and consequent
growth of the clockwise vortex as the aspect ratio is in-
creased.

Apart from its relevance in the situations just mentioned,
one other reason for focusing on this flow field is that in a
manner analogous to the sudden contraction geometry
Ž .Boger, 1987 , this entrance configuration can serve as a pro-
totype radial entrance flow field. To this end we contrast cer-
tain features of this radial entrance flow with radial source

Ž .flow Raal, 1978 , which also involves a developing radial flow
field, but with an entrance configuration that is perhaps
somewhat more artificial than the present situation. A third
reason for studying this developing flow is related to the
analysis of thermal development and heat transfer in this ge-
ometry. In the forced convection limit for a constant property
fluid the velocity field enters as a known field variable in the
energy equation; consequently, a critical understanding of the
flow field is necessary in order to interpret the developing
temperature field.

As noted earlier, this geometry is relevant in the context of
heat transfer in confined impinging jets. Much of the pub-
lished analysis of confined laminar impinging-jet heat trans-
fer has tended to favor the corresponding two-dimensional
Ž . Ž .2-D Cartesian configuration Al-Sanea, 1992 , although the
present axisymmetric configuration also has been considered,

Ž .a recent contribution being the article by Lee et al. 1997 .
These articles are not focused on a detailed and systematic
analysis of the developing flow field, their attention largely
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being directed toward computing and correlating the Nusselt
number variation along the surface zs L. In addition, by as-
signing a flat or a parabolic form for the axial velocity distri-
bution at the plane zs0, these analyses invariably have re-
stricted their computation to the region z)0.

Analysis of heat transfer in the 2-D Cartesian geometry,
Ž .for both the unconfined Sparrow and Lee, 1975 and the

Ž .confined Al-Sanea, 1992; Schafer et al., 1992 configura-
tions, has shown that the local Nusselt number in the neigh-

Žborhood of the stagnation point r s0, zs L in this axisym-
.metric configuration is a strong function of the precise shape

of the axial velocity distribution at the plane zs0. Conse-
quently, it is desirable to know under what conditions up-
stream flow development can be ignored so that a given form
Ž .say parabolic for the axial velocity profile can be prescribed

Žat the plane zs0. When the pipe is long enough much longer
Ž .than ;0.1 Re in terms of its radius Vrentas and Duda, 1973
.if the fluid is fed from a reservoir , then the axial velocity

distribution in the pipe upstream of the plane zs0 will be
parabolic, but whether it will remain parabolic at zs0 de-
pends on both Re and e. We use our results to establish
quantitative limiting values of the parameters Re and e, which
ensures this possibility. When these conditions are satisfied,
it will be reasonable to impose a parabolic axial velocity dis-
tribution at zs0 and neglect flow development in the region
zF0. On the other hand, we also show that, for small eQ1
vorticity, diffusion will distort the shape of the axial velocity
profile at the plane zs0 regardless of the value of Re. Hence,

Žfor aspect ratios eQ1, imposition of the parabolic profile or
.indeed some other arbitrary form for the axial velocity at the

plane zs0 will be incorrect even at large Reynolds numbers.
In summary, in this article we reconsider the steady flow of

a Newtonian fluid of constant physical properties in this ra-
dial entrance geometry by employing the complete equations
of motion. We consider a broad range of parameter values
Re and e and focus our calculations on a quantitative under-
standing of the behavior of the developing flow field as a
function of Re and e.

Governing Equations and Numerical Techniques
A few pertinent remarks regarding the governing field

equations and the numerical techniques adopted in this work
are reviewed here, and additional details can be found in an

Ž .earlier numerical article Chatterjee and White, 1989 . This
entrance flow domain extends to infinity in both the axial and
radial directions, which presents a difficulty with elliptic
equations. A common approach in this regard is to map the
infinite domain to a finite region through the use of fairly
standard transformations. In this spirit we apply the expo-
nential transformation to the radial coordinate, thus x s1y

ybj Ž .e , where j is the scaled radial coordinate j s rrR . Now
as j varies from 0 to `, the transformed coordinate x goes
from 0 to 1. b is a stretching factor that can be varied to

Ž .modulate the radial grid size in the physical r, z coordinate
system, and its numerical value must be chosen small enough
to provide adequate radial resolution along the physical coor-

Ž .dinate r, or equivalently j since the physical grid size scales
Ž Ž . .as Dj s exp bj rb D x . The axial coordinate does not

present a significant problem because the pipe can be conve-

niently truncated at zrR,2, since upstream flow develop-
ment in the pipe typically is expended within two pipe radii
from the entrance plane zs0 for the smallest aspect ratio
considered in this study. The unfortunate consequence of ap-
plying the exponential transformation is that the field equa-
tions now are somewhat more complex, and they are col-
lected here for convenient reference. In the earlier numerical
study the exponential transformation was not employed.

1. The stream function equation:

­ 2c ­c22 2b 1y x y b 1y xŽ . Ž .2 ­x­x

b 2 1y x ­c ­ 2c ln 1y xŽ . Ž .
q q sy v . 1Ž .2ln 1y x ­x b­hŽ .

2. The vorticity transport equation:

­c
2b v 2 2b 1y x ­v ­c b 1y x ­v ­cŽ . Ž .­h

y y q2 ln 1y x ­x ­h ln 1y x ­h ­xŽ . Ž .w xln 1y xŽ .

2 ­ 2v ­v22 2s b 1y x y b 1y xŽ . Ž .2½Re ­x­x

b 2 1y x ­v b 2v ­ 2vŽ .
y y q . 2Ž .2 2 5ln 1y x ­x ­hŽ . w xln 1y xŽ .

In these equations c and v represent the dimensionless
stream function and vorticity that are related in the usual
way to the dimensionless radial and axial velocity compo-
nents:

b ­c 1y x ­c
2u sy ; u s b ;x hln 1y x ­h ln 1y x ­xŽ . Ž .

­ u ­ ux h
v s y b 1y x ,Ž .

­h ­x

where the velocities are made dimensionless with the average
Ž .axial velocity in the pipe; x and h s zrR are the dimen-

sionless radial and axial coordinates in the transformed com-
putational domain; and Re is the Reynolds number. In the
region z)0, we scale the axial variable with L, so that hU s
zrL, and incorporate the aspect ratio e in the governing
equations for this region. With this revised scaling for the
axial variable, the plate surface zs L is fixed at hU s1 re-
gardless of the value of e. The boundary data on the stream
function and vorticity reflect the assumption of fully devel-

Ž . Ž .oped velocity profiles at the inlet zsy` and exit r s`
planes, no slip and no penetration at solid surfaces, and the
axisymmetric nature of the flow field. They are given below
for completeness.
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Boundary conditions on the stream function and vorticity:

21 j
2c s qj y1 , v s4j ; for h™y`, 0Fj F1

2 2

1
c s , v s0; for j s0, y`-hF0

2

1
Uc s , v s0; for j s0, 0Fh F1

2

­c
c s0, s0; for j s1; y`-hF0

­j

­c
Uc s0, s0; for hsh s0, 1Fj -`

­h

1 ­c
Uc s , s0; for h s1, 0Fj -`

2 ­h

U2 U 3h h 3
Uw xc s3 y , v s 1y2h ;22 3 e j

for j ™`, 0FhU F1.

The numerical scheme employed to solve these equations
was the line relaxation technique used in the earlier numeri-

Ž .cal paper and is standard Fletcher, 1991 . As mentioned in
that article, the accuracy of the numerical solution is sensi-
tive to the axial grid, and here the axial grid was chosen so as
to capture fine details where necessary, for example, near the
surface z s L. The smallest grid sizes used were D x s
0.00238, Dhs0.0125. This geometry presents a point of dis-

Ž .continuity for the vorticity at the sharp corner r s R, zs0 ,
which was handled in the manner recommended by Roache
Ž .1972 and is described in the earlier article. Convergence of
the stream function and vorticity equation was examined by
computing the equation residuals at each grid point and con-
tinuing the iterations until the mean square value over the
entire computational domain was less than a maximum error
tolerance of 10y6. The number of iterations necessary for
convergence increase rapidly as the problems become con-
vection dominated. This is a weakness of the numerical

Ž .scheme employed here and is not unexpected Fletcher, 1991 .
ŽFurthermore, a relaxation factor less than unity typically

.;0.5 was required for Reynolds numbers ;50 and higher
in order to avoid numerical instabilities. The results to be
presented were all calculated using a value of b s0.1. Partial
verification of the numerical results was achieved by compar-

Ž .ing the axial velocity profile at zs0, u j , 0 for Res0,h

Ž . Ž .es 1r4, 0 and for Res50, es1, 4 with the earlier calcu-
lations and found to be indistinguishable. In addition, for
some of the cases the solution was reproduced on a finer grid

Ž y7 y8.with a reduced error tolerance 10 or 10 and no signifi-
cant difference was noted.

Numerical Results
In this flow field the flow entering through the pipe varies

on the scale of R, whereas the appropriate length scale in
the radial flow region is L, hence as es LrR is varied, the
effect of the plate surfaces in shaping the flow in the vicinity

of the entrance region is modulated. At low values of eQ1,
upstream flow development in the pipe due to axial vorticity
diffusion is significant at all Reynolds numbers. Figure 2a de-
picts the axial velocity profile at the plane zs0 for various
values of Re and e. This plot conveys two important points
regarding upstream flow development in the pipe. First, for
Res100 and es2 the axial velocity profile at zs0 is practi-
cally identical to the classic parabolic velocity distribution for
flow in a pipe. Second, for small e less than unity the axial-
velocity distribution at zs0 is not parabolic even at large
Re, for instance, the velocity profile for Res200, es1r2 is
distinctly different from the parabolic distribution. The pro-
file for Res100, es1r2 is virtually identical to that for Res
200, es1r2, and so the former profile is not shown in Figure
2a. Increasing Re further will have no effect on the axial-
velocity profile at zs0, since vorticity generation on the
surface zs L also increases with Re, and so the balance be-
tween the convective and diffusive terms in the vorticity
transport equation, which determines the distortion in the ve-
locity profile at zs0, will not be affected. Another point to
note is that for small e the precise shape of the axial velocity
profile is strongly influenced by the value of e, for instance,
the profile for Res100, es1r4 is substantially different from

Žthat for Res100, es1r2 which is not shown but is virtually
.identical to the profile for Res200, es1r2 .

Figure 2b shows a plot of the center-line axial velocity at
Ž .the entrance plane zs0, u 0, 0 , as a function of the aspecth

ratio for aspect ratios varying over an order of magnitude
from 1r4 to 6, and for various Reynolds numbers from 0 to
200. It is evident from this figure that upstream flow develop-
ment becomes independent of the aspect ratio beyond e;2
for each Reynolds number analyzed. For Res0, the limiting
value matches the result for creeping flow through an orifice

Ž .into an infinite half-space Dagan et al., 1982 that represents
the limit e™`. Thus, an aspect ratio of ;2 appears to be a
limiting value for upstream flow development at both low and

( )Figure 2a. Axial-velocity profiles at z s0, u j ,0 , forh

the Reynolds number and aspect ratio.
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Figure 2b. Development of the centerline axial velocity
( )u 0,0 as a function of the aspect ratio forh

Reynolds numbers.

nonzero Reynolds numbers. This is similar to what is gener-
ally accepted regarding the flow features in the Newtonian

Ž .sudden contraction geometry Boger, 1987 , where the limit-
ing geometrical ratio is found to be 4. Based on the axial-
velocity profiles depicted in Figure 2a and the limiting values

Ž .of u 0, 0 in Figure 2b, we conclude that for ReG;100 andh

e)2, imposition of the parabolic axial velocity profile at zs0
should introduce negligible error in calculating the develop-
ing velocity profile for z)0. While this is equivalent to ap-

Figure 2c. Our calculations vs. the free jet data of
( )Scholtz and Trass 1970 for es1rrrrr2.

plying the parabolic boundary layer form of the equation of
motion to the flow in the pipe, clearly a similar approxima-
tion of the equation of motion cannot apply in the region
z)0 due to the elongational character of the radial flow field.

In summary, the foregoing results show that when the ap-
proaching flow in the pipe is fully developed, the axial veloc-
ity distribution at zs0 can always be taken to be parabolic
for ReG;100 and e)2. On the other hand, for eQ1 the
axial velocity profile at zs0 will not be parabolic even at
large values of Re, and the precise shape of the axial velocity
profile will then depend strongly on the value of e. Fortu-
nately, published analyses of confined laminar impinging-jet
heat transfer have considered situations for which eG;2,
where, as noted earlier, the imposition of a parabolic axial

Ž .velocity profile at zs0 is reasonable at high Re G;100 .
However, in view of our conclusion regarding flow develop-
ment at zs0 for eQ1, it should be apparent that the impo-
sition of a parabolic axial velocity profile at zs0 for low e is
questionable regardless of the value of Re. While the impor-
tance of the precise shape of the axial velocity profile at zs0
on the magnitude of the local Nusselt number on the surface
zs L for small eQ1 does not appear to have received atten-
tion, it seems clear that a proper analysis of this effect must
employ the exact axial velocity profile at zs0, since the shape
of the profile depends strongly on e for eQ1. Experimental
measurements of the dependence of the stagnation-point
Nusselt number on aspect ratio in confined laminar imping-
ing jets also have focused on large values of e, typically eR2,

Ž .two recent articles being those of Lin et al. 1997 and Ma et
Ž .al. 1997 .

Ž .Finally, we note that Scholtz and Trass 1970 presented
some experimental velocity profile measurements for a free
axisymmetric laminar jet impinging on a flat surface at a small
aspect ratio, es0.5. Although their flow configuration is not
exactly similar to that studied here due to the absence of the
confining plate at zs0, we expect that their velocity distri-
bution within the region 0F r F R should be comparable to
our calculations. They studied flows with Re in the range 320
to 883 and measured the velocity distribution at various axial
distances from the impinging plane. Their data show a negli-
gible influence of Re on the velocity distribution within 0F r
F R at each of the three axial positions at which measure-
ments were taken. Figure 2c compares our calculated values

Ž .of the magnitude of the velocity vector for Res200 lines
Ž .with their experimental data Re;320, symbols taken at

three different axial locations zrL measured from the plane
zs0. In this plot the magnitude of the velocity vector is scaled
with the maximum value for the parabolic profile. Our calcu-
lated curves for zrLs0.02 and 0.34, that is, at locations away
from the surface of the impinging plate at zs L, are in excel-
lent agreement with the data over the entire range 0F r F R.
This comparison reinforces our earlier comment regarding the
inapplicability of the parabolic distribution for the axial ve-
locity at zs0 for small eQ1 regardless of the value of Re.
Figure 2c also shows that when zrLs0.82, which is close to
the impinging surface, the magnitude of the computed veloc-
ity vector is uniformly smaller than the experimental mea-
surement since the value of Re is lower for the calculated
profile. At this axial location close to the impinging plane,
the velocity field is not invariant with Re at Re;200. Over-
all, this comparison with data is encouraging and provides
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Figure 3. Development of the normalized midplane ra-
dial velocity for various aspect ratios at Res
0.

some measure of the accuracy of the present numerical com-
putations.

Ž .No flow separation near the sharp corner r s R, zs0 is
seen at low Reynolds numbers for the entire range of aspect
ratios investigated, and as seen in Figure 3, which plots the

w Žnormalized midplane radial velocity component ej u j ,j

.x1r2 , the midplane radial velocity increases monotonically
with radial distance except for a small but slowly decaying
overshoot prior to assuming the fully developed value of 3r4.
The radial flow adjusts to the fully developed radial velocity
profile between the circular plates within an entrance length

Ž .Le made dimensionless with R , which increases with the
aspect ratio, and due to the overshoot in the profile, Le is
defined here as the value of rrR at which the midplane radial
velocity is at 1% above its fully developed value during its

Figure 4. Demarcation of the Re – e plane correspond-
ing to flow separation on the surface z s0.

Žfinal asymptotic approach. As observed previously Chatter-
.jee, 1993 , the entrance length in the creeping-flow limit

Ž .should scale as O e for large e, since the eigenfunctions de-
scribing the entrance disturbances decay on the scale of L,
and not R. The present computations confirm this behavior
and furnish the quantitative estimate for this linear scaling,
which is given in Table 1.

The principal feature of flow development at nonzero
Reynolds numbers is the occurrence of flow separation on

Ž .the surface of the bottom plate zs0 near the sharp corner
Ž .r s R, z s 0 . The flow subsequently reattaches down-
stream, and representative stream function plots depicting the
primary clockwise vortex that characterizes the separated re-
gion are shown in the earlier numerical article, and will not
be repeated here. Figure 4 presents a plot demarcating the
region in the Re ] e plane, where flow separation is expected

( )UTable 1. Radial Entrance Length Le as a Function of Re and Aspect Ratio

Aspect
Ratio, Le Le Le Le Le Le Le

Ž . Ž . Ž . Ž . Ž . Ž . Ž .e, Res0 Res10 Res25 Res50 Res100 Res150 Res200

0.25 1.05 1.05 1.27 1.54 2.47 } }
0.5 1.11 1.11 1.71 2.17 3.43 } 4.87
1.0 1.27 1.65 2.41 3.36 4.87 6.02 6.92
1.5 1.38 2.17 3.03 4.19 6.02 7.31 8.46
2.0 1.94 2.65 3.63 4.87 6.92 8.46 9.76
2.5 2.41 3.10 4.34 5.67 7.82 9.51 10.97
3.0 2.84 3.56 4.95 6.37 8.46 10.41 12.02
3.5 3.30 4.05 5.59 7.12 9.27 11.25 12.8
4.0 3.77 4.56 6.19 7.92 10.02 12.02 13.9
5.0 4.64 5.59 7.51 9.39 11.70 13.58 15.6
6.0 5.51 6.55 8.80 10.97 13.37 15.20 17.1

UU
a 2.4 3.1 4.3 5.65 7.75 9.6 11.20

UU
a 0.89 0.99 1.27 1.52 1.6 1.61 1.71

ULe has been made dimensionless with R.
UU Ž . Ž .Values of a , a correspond to the linear scaling Figure 6a , Les a q a ey2.5 for large e.0 1 0 1
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to occur. This plot for the critical Reynolds number as a
function of the aspect ratio was constructed by extrapolating
the vortex length dependence on aspect ratio to zero at
each Reynolds number. It conveys two important aspects of
flow development in this radial entrance geometry: one, that
separation occurs at very small Reynolds numbers when the
aspect ratio is sufficiently large; and two, that small aspect
ratios tend to suppress separation very readily even at rea-
sonably large Reynolds numbers.

Thus, for a constant pipe radius, the flow separates more
Ž .easily at a smaller flow rate or a smaller value of Re , as the

circular plates are placed farther apart. The features just
noted are not unexpected, being due to the dominance of
axial vorticity diffusion at low aspect ratios, which suppresses

Ž .vorticity abstraction Lighthill, 1988 at the surface zs0, and
thus prevents flow separation. However, they are in contrast

Žto the situation encountered in radial source flow Raal,
.1978 , which is the axisymmetric analog of entrance flow be-

tween parallel plates. In radial source flow, fluid enters the
channel between the circular plates from a line source at r s
0. The flow domain is defined by a single length scale, the
distance between the circular plates, and flow separation on

Žthe plate surfaces both plates, since this configuration is
.symmetric about the midplane between the circular plates is

Ž .initiated at a fixed value of Re based on this length scale
;64. In the latter situation for a given rate of flow, since an
increase in the distance between the plates results in a smaller
Reynolds number, flow separation is suppressed when this
distance is sufficiently large. So the essential difference be-
tween the two entrance geometries is that the presence of

Ž .competing length scales LrR coupled with the change in
flow direction enables flow separation at very small Reynolds
numbers in the present entrance configuration.

Figure 5 depicts the normalized midplane radial velocity
w Ž .xcomponent ej u j , 1r2 for Res100 at various aspect ra-j

Figure 5. Development of the normalized midplane ra-
dial velocity for various aspect ratios at Res
100.

Figure 6a. Dimensionless radial entrance length Le as
a function of the aspect ratio for various
Reynolds numbers.

tios. This plot shows the occurrence of flow separation for
eG1 leading to the region of negative radial velocity, and
indicates that the primary clockwise vortex is large enough
even at the relatively low value of es2 to span half the
distance between the circular plates. The decay of entrance
disturbances and the assumption of the fully developed radial
velocity profile occurs over longer radial distances as the as-
pect ratio increases. And as shown in Figure 6a, the entrance

Ž .length Le made dimensionless with R at nonzero Reynolds
Ž . Ž .numbers also scales as O e , Le; a q a ey2.5 , as e be-0 1

Ž .comes large e ) 2 . Values of a and a for various0 1

Figure 6b. Dimensionless scaled entrance length Lerrrrre
as a function of the Reynolds number.
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Figure 7a. Dimensionless vortex length V as a functionL
of the aspect ratio for various Reynolds
numbers.

Reynolds numbers are tabulated in Table 1. The variation of
the radial entrance length as a function of the Reynolds num-
ber is shown in Figure 6b, which plots the scaled entrance
length Lere vs. Re. This plot suggests that for Re away from

Ž .zero ReG;10 and eR3, the behavior may be represented
by cRem, where m;1r3 and c is a very weak function of e,
with c;0.51 at es6. At very large values of e, however, the
dependence of Lere on Re vanishes as the Reynolds number

Ž .is increased beyond ReR100 as seen from the bottommost
curve, which plots the values of a , the extrapolation to large1
e being reasonable provided the steady flow remains stable
and laminar in this limit. Based on this, it may be conjectured
that as Re is increased, the dependence on Re vanishes even
for finite aspect ratios, but presumably this occurs at values
of Re larger than ;100. Some indirect evidence in support
of this statement is noted below. In the sudden contraction
geometry ms1 at high Reynolds numbers based on the
boundary-layer equations, whereas here the dependence on
Re is weaker, m-1, a consequence of the change in flow
direction in this entrance configuration, which hinders axial
convection from transporting entrance disturbances to large
radial distances downstream. In summary, then, for large as-
pect ratios and ReG;100 the dimensional radial entrance
length is given simply as a L, where a is well approximated1 1
by a ;1.6]1.7. Finally, we also point out that for Reynolds1
numbers between 0 and ;10, the entrance length values dif-

Ž .fer only by ;10]20% Table 1 , and so the effect of inertia
in this range is not very significant.

Figure 7a displays, as a function of the aspect ratio and for
different Reynolds numbers, the dimensionless vortex length

Ž .V scaled with R of the primary clockwise vortex whoseL
presence signifies flow separation near the sharp corner, VL
being computed simply as the difference between the radial
coordinates of the reattachment and separation points, as

Figure 7b. Dimensionless scaled vortex length V rrrrre asL
a function of the Reynolds number.

sketched in Figure 1. Table 2 also summarizes the dimension-
Ž .less vortex size V scaled with R , which is defined as theS

Cartesian distance of the vortex center from the separation
Žpoint typically within a grid point of the sharp corner r s R,
.zs0 in the j ]h plane. From Figure 7a it is apparent that

for each Reynolds number the vortex length V scales lin-L
Ž . Žearly with the aspect ratio for large e eR2 , V sg qg eL 0 1

.y2.5 . A similar linear scaling also applies to the vortex size,
and the coefficients g and g are listed in Table 2 for both0 1
V and V . It is interesting to note that experimental dataL S

Ž .taken by Moller 1963 at very large Reynolds numbers also
show a linear behavior with the aspect ratio e for the coordi-
nate of the reattachment point, which is effectively equal to
V q1 since flow separation occurs very close to r s R. HisL
experimental asymptote plotted in Figure 7a suggests that VL
scales as ;5e under conditions where the flow is expected
to be turbulent. Figure 7b depicts the variation in the scaled
vortex length, V re, as a function of the Reynolds number. InL
this plot the curve for e™` was constructed by plotting the
values of g from Table 2a, and as before, the extrapolation1
to large e is reasonable provided the steady flow continues to
remain stable and laminar in this limit. Figure 7b indicates
that for each aspect ratio considered, V re shows a relativelyL
weak dependence on Re and appears to possess a limiting
value close to ;2, the exact limiting value decreasing weakly
Ž y1.e as the aspect ratio is increased. This provides some in-
direct evidence that the scaled radial entrance length plotted
in Figure 6b should also, as conjectured earlier, become inde-
pendent of Re at large Reynolds numbers for each aspect

Ž .ratio. Moller’s 1963 data, again although not directly com-
parable to the present situation owing to the turbulent flow
conditions in his experiment, also show a clear approach to
an asymptotic value for the scaled vortex length V re, his dataL
being taken for aspect ratios less than unity. For the values of
aspect ratio considered, his data indicate a limiting value close
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( )U ( )UTable 2a. Primary Vortex Size V and Length V as a Function of Re and Aspect RatioS L

Aspect
Res10 Res25 Res50 Res100 Res150 Res200Ratio,

e V V V V V V V V V V V VS L S L S L S L S L S L

0.5 } } } } } } } } } } 0.25 0.53
1.0 } } } } 0.28 0.56 0.64 1.19 0.97 1.72 1.31 2.15
1.5 } } 0.38 0.68 0.69 1.23 1.16 2.06 1.64 2.72 2.16 3.28
2.0 0.24 0.56 0.74 1.22 1.12 1.84 1.68 2.83 2.28 3.62 2.89 4.26
2.5 0.56 1.03 1.09 1.76 1.54 2.43 2.16 3.56 2.88 4.47 3.59 5.18
3.0 0.79 1.48 1.49 2.28 1.94 2.99 2.67 4.27 3.46 5.28 4.20 6.07
3.5 1.03 1.92 1.83 2.82 2.36 3.56 3.12 4.97 4.00 6.08 4.84 6.94
4.0 1.28 2.37 2.19 3.36 2.77 4.13 3.59 5.66 4.55 6.86 5.42 7.79
5.0 1.73 3.27 2.93 4.45 3.57 5.26 4.47 7.02 5.57 8.40 6.59 9.46
6.0 2.20 4.17 3.62 5.56 4.41 6.39 5.40 8.37 6.60 9.93 7.75 11.1

UU
g 0.56 1.03 1.11 1.74 1.54 2.4 2.19 3.6 3 4.5 3.62 5.220

UU
g 0.47 0.9 0.72 1.09 0.82 1.13 0.92 1.37 1.03 1.56 1.19 1.691

†( )Table 2b. Primary Vortex Circulation C as a Function of Re and Aspect Ratio
Aspect
Ratio, Res10 Res25 Res50 Res100 Res150 Res200

2 2 2 2 2 2e C=10 C =10 C =10 C =10 C=10 C=10

0.5 } } } } } 0.53
1.0 } } 4.03 30.1 54.0 75.2
1.5 } 6.28 41.01 88.2 119.0 144.5
2.0 0.49 27.83 82.80 135.9 168.5 195.5
2.5 4.02 55.67 121.9 176.8 211.0 238.8
3.0 8.96 82.10 156.6 214.1 249.4 277.2
3.5 14.52 107.3 189.1 250.0 285.1 312.5
4.0 19.97 131.0 219.8 283.5 319.5 346.8
5.0 29.76 173.9 280.7 349.3 385.8 412.2
6.0 37.54 212.3 336.3 417.0 456.4 484.6

UVortex size and length have been made dimensionless with R.
UU Ž . Ž .Values of g , g correspond to the linear scaling Figure 7a , V , V sg qg ey2.5 for large e.0 1 S L 0 1†Circulation has been made dimensionless with UR.

Žto ;6, the precise value decreasing with the aspect ratio just
.as in the present calculations due to the linear scaling of VL

with e noted earlier.
It is instructive to compare the size of the primary vortex

Žin the present case with that for radial source flow Raal,
.1978 . The vortex lengths for the two cases are listed in Table

3. We have chosen es1 in order to define the Reynolds
number using the distance between the circular plates, since
this is the only length scale in radial source flow. The corre-
spondence between our definition of the Reynolds number
Ž . Ž .Re and that for radial source flow Re is Res4ReRSF RSF

Table 3. Comparison of Dimensionless Vortex LengthsU

Radial Entrance
Reynolds Number Flow Radial Source Flow

†UUŽ . Ž .Re s4Re es1 Raal, 1978R SF

Res50; Re s12.5 0.56 No flow separationR SF
Res100; Re s25 1.18 No flow separationR SF
Res150; Re s37.5 1.72 No flow separationR SF
Res200; Re s50 2.15 No flow separationR SF
Res400; Re s100 } 1.85R SF

U ŽThe primary vortex length has been made dimensionless with L s R ,
.since es1 .

UU Ž .Re: value of the Reynolds number in this work es1 .
†Re : corresponding value of the Reynolds number for radial sourceRSF

Ž .flow Raal, 1978 .

Ž .Raal, 1978 . From Table 3 we note that our vortex length for
Res200, which is equivalent to Re s50, is already largerRSF
than that for radial source flow at Re s100. So we con-RSF
clude that for moderate values of Re;200]400 the vortex
size is considerably larger with the present entrance configu-
ration. However, given the weak dependence of V re on ReL
described in Figure 7b, it would appear that at higher values
of Re this conclusion may not hold. Indeed, if we use Moller’s
Ž .1963 data as a limiting value at high Re, for very large Re
and es1, we obtain a value of V re;5.5, which is smallerL
than that for radial source flow at Re s300, Res1,200RSF
Ž .Raal, 1978 . Thus apart from the asymmetry about the mid-

Žplane at zs Lr2 in the present entrance configuration for
instance, the absence of a corresponding primary vortex on

.the surface zs L , the other features that are distinct vis-a-vis`
radial source flow are: the occurrence of flow separation on
the surface zs0 at very small nonzero Reynolds numbers,
and the considerably weaker dependence of the primary vor-
tex length on Re.

It is also interesting to contrast the flow development fea-
tures of the present axisymmetric configuration with the cor-
responding 2-D Cartesian geometry. While both geometries
display flow separation near the sharp corner, it is expected
that the elongational character of the radial flow field in the
axisymmetric configuration will lead to differences in subse-
quent flow development between the two configurations. The
2-D Cartesian situation has been considered in some detail
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Figure 8a. Comparison of R for the present axisym-P
metric configuration and the corresponding
2-D Cartesian geometry for various Reynolds
numbers.
R has been scaled with 2 R.p

Ž .by Law and Masliyah 1984 , and limited results are also con-
Ž . Ž .tained in Al-Sanea 1992 and in Schafer et al. 1992 . In all

Ž .these studies a specific form either flat or parabolic for the
axial velocity distribution was imposed at zs0 and computa-
tion was restricted to the region z)0. One of the most sig-
nificant differences in flow separation behavior between the
two geometries relates to flow reattachment on the surface
zs0, the reattachment point occurring considerably earlier
in the present axisymmetric configuration. This is demon-
strated in Figure 8a, which displays a comparison of the coor-
dinate of the reattachment point R of the primary vortex asP
a function of Re. Since the separation point of the primary

Ž .vortex effectively is at r s R for high Re ;100 and large e
Ž .R2 , R is given simply as R sV q1 in dimensionlessP P L
terms, where V is the vortex length summarized in Table 2a.L

The results in Figure 8a are for es8, and our data have
been calculated based on the linear scaling established in

Ž .Figure 7a. Note that the aspect ratio ‘‘Z’’ in Al-Sanea 1992
is defined on the basis of the jet width, and is therefore
equivalent to half our value, which is based on the pipe ra-
dius, and correspondingly, for a proper comparison our val-
ues of R in Figure 8a have been divided by 2 to reflect theP
scaling on the basis of the pipe diameter 2 R. The plot in
Figure 8a shows that the primary clockwise vortex extends
significantly further downstream in the 2-D rectangular ge-
ometry compared to the present axisymmetric situation where
flow reattachment occurs relatively early. This early reattach-
ment is a consequence of the decay of inertia with radius
which enables axial diffusion to restore the vorticity on the
lower plate surface zs0 to a positive value at a relatively
short radial distance from the axis of symmetry. In conse-
quence of the longer vortex length in the Cartesian geometry,
we also expect the entrance length in the Cartesian case to

Figure 8b. Comparison of R for the present axisym-P
metric configuration and the corresponding
2-D Cartesian geometry as a function of the
aspect ratio.
R has been scaled with 2 R.p

be much larger than that in the present axisymmetric config-
uration. Another difference between the two geometries is in
the dependence of the location of the reattachment point RP
Ž .or equivalently the vortex length V on the aspect ratio e atL
a fixed Reynolds number; this is depicted in Figure 8b. In the

Ž .present case asymptotic dependence of R or V on e isP L
assumed relatively quickly, for eR2, and the dependence for
large e is quite weak, R , V ;0.85e, at Res200 from theP L

Žresults summarized in Table 2a. Note: R , V are scaledP L
.with 2 R in Figure 8b. As seen in Figure 8b, however, Al-

Ž .Sanea 1992 computes that for Res200 in the 2-D Carte-
sian geometry, asymptotic behavior is achieved only beyond

Ž .e;24 Z;12 and the quantitative dependence on aspect
Ž .ratio is stronger, with R , V ;9er2 R , V ;9Z .P L P L

The strength of the primary vortex can be measured by
computing the circulation around the streamline c s0 that
bounds the separation region. This quantity is computed us-
ing the expression CsH v dA, where A is the area enclosedA

Žby the streamline c s0. Since this area made dimensionless
2. 2with R scales as ; e for large e, in Figure 9 we have plot-

ted Cre2 as a function of e for various Reynolds numbers.
We observe that the circulation increases initially due to the

Ž 2.faster than O e growth of the area occupied by the vortex,
but beyond the point where this area assumes its asymptotic

Ž 2. y1form ; e , the circulation decays roughly as ; e for the
Ž .larger values of Re G;50 , the asymptote at Res200 be-

ing given approximately by ;0.8re. For large values of Re
and e the variation of vorticity within the vortex is effectively
confined to a layer adjacent to the boundary of the vortex
where the flow inside the vortex matches the external flow
Ž .near r f R , the magnitude of the vorticity in the bulk of the
vortex being uniformly small. The thickness of this layer and
the vorticity within it are essentially independent of both Re
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Figure 9. Dimensionless strength of the primary vortex
Crrrrre2 as a function of the aspect ratio for vari-
ous Reynolds numbers.

and e, being determined by the incoming pipe flow. Figure 9
also shows that for eR2 the circulation is a weak function of
Re, essentially becoming independent of the Reynolds num-
ber for ReR100.

One of the important quantities of interest in this flow field
is the shear-stress profile on the surfaces of the circular plates

Ž .at zs0, L. The earlier analytical work Chatterjee, 1993
presented the behavior in the creeping-flow limit.

ŽFigure 10a depicts the shear-stress made dimensionless
.with mUrR profiles at zs0 for different aspect ratios at

Res50, 200. For es1 we note the change in the sign of the

Figure 10a. Dimensionless shear stress profile on the
surface z s0 at Res50, 200.

shear stress across the reattachment point and observe that
the profiles rapidly merge with the fully developed creeping-
flow profile beyond the reattachment point. Thus the stress
on the bottom plate surface is quite low at large aspect ra-
tios, and for low aspect ratios it is close to the creeping-flow
value except for the relatively small separation region. Figure
10b depicts the shear stress on the surface zs L. Here we
note that the shear stress increases rapidly beyond the stag-
nation point as the fluid quickly acquires a nonzero radial
velocity, but this increase is arrested sharply once viscosity
begins to retard the radial flow away from the surface zs L.
We also note that for both Reynolds numbers, the decay in
the shear-stress profile some distance beyond the peak ap-
pears to acquire a similar form independent of the aspect
ratio for es5, 6. It is instructive to examine to what extent
boundary-layer arguments can be used at high Reynolds
numbers to model the flow in the vicinity of the surface zs L.
It would appear that at large Re some features of the flow in
this region can mimic the radial flow due to an axisymmetric
jet impinging on a plane wall. This latter problem has been

Ž .analyzed by Watson 1964 , who employed boundary-layer ar-
guments to derive a similarity solution that is expected to
apply at distances far away from the center of the jet. A very
readable account of Watson’s analysis is given in Middleman
Ž .1995 . This analysis permits an easy calculation of the shear
stress on the surface of the plate zs L, which can be com-
pared with our numerical computations. Watson’s result for

Ž .the shear stress is given by eq. P5.4-3 of Middleman 1995 ;
however, this expression appears to contain an error}the
numerical coefficient 0.141 should be replaced by 0.124p .
Thus, Watson’s expression for radial distribution of the di-

Ž .mensionless shear stress scaled with mUrR on the surface
zs L is given by

t U 1 0.124p Rejh s1
s .23Re 2 j q0.286 Rew x

Figure 10b. Dimensionless shear stress profile on the
surface z s L at Res50, 200.
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Figure 11. Comparison of the decay in the shear-stress
profile on the surface z s L with Watson’s
boundary-layer solution for Res50, 200 and
es1, 6.

Figure 11 displays the comparison between our calcula-
tions and the preceding expression at aspect ratios es1, 6
for Res50 and Res200. This figure indicates that for both
Reynolds numbers, at es6 the form of the decay in the
shear-stress profile at radial distances where the flow be-

Žcomes independent of the details of the jet beyond the peak
.in Watson’s profile , and prior to its assuming the fully devel-

oped profile, is surprisingly well represented by Watson’s so-
lution. The numerical agreement is better at Res50, which
presumably is just a fortuitous circumstance. On the other
hand, for both Reynolds numbers our calculation for es1
has a slope that shows considerable deviation from Watson’s
result, indicating that at low aspect ratios the flow near the
surface zs L interacts strongly with the flow away from
it, thus leading to an early assumption of the more modest
jy1 rate of decay characteristic of fully developed creeping
flow. In other words, even at relatively high Reynolds num-

Ž .bers ;200 the assumption of a growing boundary layer on
the surface zs L that is inherent in Watson’s analysis is not
applicable for aspect ratios eF;1.

ŽFigure 12 depicts the pressure profile made dimensionless
.with mUrR on the surface of the circular plate at zs L for

Res50, 100, 150, and 200, and es6. The plot shows that
the pressure decays rapidly from the stagnation point in each
case, and we note a region of positive pressure gradient prior
to the subsequent decay in the pressure profile as the flow
begins to acquire its fully developed form. This adverse pres-
sure gradient arises in the region where the main flow ex-
pands to fill the radial channel as it goes past the primary
vortex, and if large enough, will result in flow separation on
the surface zs L. Figure 12 indicates that the positive pres-
sure gradient increases as a function of Re at a fixed aspect
ratio, and our computations signal the occurrence of such flow
separation only at Res200, for eG2.5. Figure 13 plots the

Figure 12. Pressure distribution on the surface z s L for
various Reynolds numbers at es6.

coordinates of the separation and reattachment points of this
secondary vortex and demonstrates that they correlate very
well with the location of the reattachment point of the pri-
mary vortex, indeed scaling almost linearly with it over the
entire range of e from 2.5 to 6. This secondary vortex, which
has also been observed in the 2-D Cartesian configuration
Ž .Law and Masliyah, 1984; Schafer et al., 1992 , is not a signif-
icant feature of the flow field at Res200. It occupies a small

Figure 13. Dependence of the coordinates of the sepa-
( ) ( )ration S and reattachment R points ofS S

the secondary vortex on the location of the
reattachment point of the primary vortex RP
for Res200.
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( )UTable 4. Excess Pressure Loss D P as a Function of Re and Aspect Ratioe

Aspect
Ratio, D P D P D P D P D P D P D Pe e e e e e e

e Res0 Res10 Res25 Res50 Res100 Res150 Res200

0.25 66.90 69.80 71.40 79.96 109.40 } }
0.50 17.97 18.55 19.08 21.17 30.06 } 52.65
1.0 6.69 7.01 9.38 16.14 34.18 54.74 76.28
1.5 5.15 5.76 9.61 19.41 41.35 64.39 88.04
2.0 4.78 5.56 10.30 21.19 44.16 68.09 92.37
2.5 4.68 5.58 10.81 22.05 45.56 69.83 94.45
3.0 4.65 5.60 11.06 22.46 46.22 70.82 95.76
3.5 4.65 5.62 11.20 22.69 46.72 71.49 96.78
4.0 4.64 5.64 11.28 22.81 46.94 72.03 97.76
5.0 4.64 5.64 11.35 23.04 47.25 72.20 98.02
6.0 4.64 5.64 11.36 23.07 47.30 72.25 98.10

U
D P has been made dimensionless with mUrR. The kinetic energy change has been excluded from the value of D P .e e

region of the domain, extending vertically only to ;15% of
the plate-to-plate distance L for es6, and with a circulation
within it that is more than ;100 times weaker than that of
the primary vortex after normalizing for the difference in the
areas of the respective vortices. We also note that since flow
reattachment on the surface zs0 occurs considerably later
in the 2-D Cartesian geometry, as seen in Figures 8a and 8b,
and because the location of the second vortex correlates with
R , we expect the secondary vortex to appear further down-P
stream in the Cartesian situation. For Res200, es8 Law

Ž .and Masliyah 1984 indicate that the vortex center of the
secondary vortex occurs at ;30 half jet widths from the axis
of symmetry. This is approximately twice the value we esti-
mate for Res200, es8 by extrapolating the data in Figure
13 to es8 through the use of the linear scaling in Table 2a.

For this radial entrance flow field we tabulate our results
Žfor the excess loss in pressure made dimensionless with

.mUrR in Table 4 for various values of Re and the aspect
ratio. This quantity is conveniently calculated from the me-
chanical energy balance equation and is given in dimension-
less form by

1 fd fd
D P s F dV y D P y D P ,Ž . Ž .He pipe platesp V

where fd refers to fully developed flow, V is the volume of
the entrance geometry, and F is the dimensionless viscous
dissipation function. The excess pressure loss term thus ex-
cludes the kinetic-energy loss, which is simply 0.5Re for this
entrance geometry. From Table 4 we note that the creeping-
flow results are in good agreement with our earlier infinite

Ž .series calculation Chatterjee, 1993 for eG;1. At nonzero
Reynolds numbers the excess pressure loss initially decreases
as a function of the aspect ratio just as in creeping flow, but
this decay is arrested at the onset of flow separation on the
surface zs0, beyond which the excess pressure loss in-

Ž 2.creases due to the initial faster than O e growth of the pri-
mary vortex, which rapidly displaces the main flow toward
the surface zs L and increases shear rates there. However,
the excess pressure loss approaches its asymptotic value rela-
tively quickly as the aspect ratio is increased beyond the point
of incipient flow separation to eR2, where the flow structure
has adopted its asymptotic form with the primary vortex area

scaling as ; e2. At high aspect ratios and ReG;100 the
contribution to the total viscous dissipation from the primary

Ž .vortex is small a few percent , with excess viscous effects be-
ing effectively consigned to a ‘‘thin’’ layer external to the vor-
tex, in this case adjacent to the surface zs L. This situation
is somewhat reminiscent of the constant vorticity inviscid core

Žmodel for steady flow with closed streamlines Batchelor,
.1967 . At a given aspect ratio e the excess pressure loss in-

creases with the Reynolds number, as seen from the data in
Table 4. What is perhaps not so immediately apparent from
Table 4 is that as Re and e are increased, beyond Ref50
and ef3, the dependence of the excess pressure loss on Re
is linear with a slope of 0.5, this dependence arising because
the pressure loss has been scaled with the viscous reference
scale mUrR and not the inertial scale rU 2. Thus, for large
Re and e the excess pressure loss excluding the kinetic en-
ergy change is given simply by D P ; Rer2.e

Concluding Remarks
The developing laminar flow field in this radial entrance

geometry has been analyzed for a range of aspect ratios e
and the Reynolds numbers Re. The principal feature of the
developing flow is the occurrence of flow separation on the
surface zs0 at a critical value of Re that is quite small at
large e, but increases sharply for eQ1, a consequence of the
dominance of axial vorticity diffusion at small aspect ratios.
The calculations highlight the importance of the aspect ratio,
for small eQ1, in influencing upstream flow development at
all values of Re, in suppressing flow separation on the sur-
face zs0, and in invalidating the applicability of boundary-
layer arguments to model the local flow near the surface zs
L. They also show that as the aspect ratio is increased, the
flow structure approaches an asymptotic form relatively
rapidly, for eR2. The calculated velocity profiles in the

Ž .‘‘pre-impingement’’ region 0F r F R, 0F z- L compare
very well with the experimental data of Scholtz and Trass
Ž .1970 taken at es0.5, a value at which axial vorticity diffu-
sion is significant and the axial velocity profile at zs0 is
distorted significantly from the classical parabolic distribu-
tion. The present calculations, which cannot be directly com-

Ž .pared with Moller’s 1963 data, nevertheless reproduce qual-
itatively some of the features of his experimental observa-
tions. At the same time, for Res200, eG2.5 our results indi-
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cate the existence of a small secondary vortex due to flow
separation region on the surface zs L, a feature not ob-
served in Moller’s experiments conducted at much higher
values of Re, but at aspect ratios e-1, typically e<1. The
influence of the elongational character of the radial flow in
this axisymmetric geometry has been clarified by comparing
certain aspects of flow development with the corresponding
2-D Cartesian configuration. Finally, let us note that, based
on the flow development results presented here, it would ap-
pear that the analysis of heat and mass-transport phenomena
in this geometry, assuming fully developed radial creeping

Ž .flow or minor variations of it Camera-Roda et al., 1994 ,
should be viewed with caution, particularly at high Re and
e)1. These approximate flow fields cannot capture the ef-
fects of the large primary vortex and the consequent asymme-
try about the midplane zs Lr2. Indeed, the very dissimilar

Žbehavior of the local dimensionless shear stress equivalently
.the skin friction coefficient along zs0 and zs L would

suggest, on the basis of the transport analogies, that the local
dimensionless heatrmass transfer coefficients will reflect this
asymmetry. On the other hand, at radial distances far away
from the axis of symmetry, for r 4 R, where the flow field
begins to assume its fully developed form, calculations based
on approximate creeping-flow type of velocity profiles possi-
bly may be adequate.
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Notation
rsradial coordinate
usfluid velocity
zsaxial coordinate

a , gsnumerical coefficients in the asymptotic behavior of the en-
trance length and vortex length, vortex size

ms fluid viscosity
rs fluid density

Ž .tsdimensionless shear stress scaled with mUrR

Superscripts, subscripts, and special symbols
xsradial velocity component

Dj , D xsradial grid size
hsaxial velocity component

Dhsaxial grid size
S sdimensionless radial coordinate of the separation point ofP

Ž .the primary vortex scaled with R
ŽV sdimensionless vortex size of the primary vortex scaled withS

.R
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